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Plan of the Two-Volume Edition

Fortran, long the epitome of stability, isonceagain alanguagein flux. Fortran90
is not just the long-awaited updating of traditional Fortran 77 to modern computing
practices, but also demonstrates Fortran’s decisive bid to be the language of choice
for paralel programming on multiprocessor computers.

At the same time, Fortran 90 is completely backwards-compatible with all
Fortran 77 code. So, users with legacy code, or who choose to use only older
language constructs, will still get the benefit of updated and actively maintained
compilers.

As we, the authors of Numerical Recipes, watched the gestation and birth of
Fortran 90 by its governing standards committee (an interesting process described
by aleading Committee member, Michagl Metcalf, in the Foreword to our Volume
2), it became clear to usthat the right moment for moving Numerical Recipes from
Fortran 77 to Fortran 90 was sooner, rather than later.

On the other hand, it was equally clear that Fortran-77-style programming —
no matter whether with Fortran 77 or Fortran 90 compilers — is, and will continue
for along time to be, the “mother tongue” of alarge population of active scientists,
engineers, and other users of numerical computation. This is not a user base that
we would willingly or knowingly abandon.

The solution was immediately clear: a two-volume edition of the Fortran
Numerical Recipes consisting of Volume 1 (this one, a corrected reprinting of the
previous one-volume edition), now retitled Numerical Recipesin Fortran 77, and
a completely new Volume 2, titled Numerical Recipes in Fortran 90: The Art of
Pardld Scientific Computing. Volume 2 begins with three chapters (21, 22, and
23) that extend the narrative of the first volume to the new subjects of Fortran 90
language features, parale programming methodology, and the implementation of
certain useful utility functions in Fortran 90. Then, in exact correspondence with
Volume 1's Chapters 1-20, are new chapters B1-B20, devoted principaly to the
listing and explanation of new Fortran 90 routines. With a few exceptions, each
Fortran 77 routine in Volume 1 has a corresponding new Fortran 90 version in
Volume 2. (The exceptions are a few new capabilities, notably in random number
generation and in multigrid PDE solvers, that are unique to Volume 2's Fortran 90.)
Otherwise, there is no duplication between the volumes. The detailed explanation
of the agorithms in this Volume 1 is intended to apply to, and be essential for,
both volumes.

In other words. You can usethisVolume 1 without having Volume2, but you
can’t use Volume 2 without Volume 1. We think that there is much to be gained by
having and using both volumes. Fortran 90's parallel language constructionsare not
only useful for present and future multiprocessor machines; they also allow for the
elegant and concise formulation of many algorithms on ordinary single-processor
computers. We think that essentialy all Fortran programmers will want gradually
to migrate into Fortran 90 and into a mode of “thinking parallel.” We have written
Volume 2 specifically to help with this important transition.

Volume 2's discussion of paralel programming is focused on those issues of
direct relevance to the Fortran 90 programmer. Some more general aspects of parallel
programming, such as communication costs, synchronization of multipleprocessers,
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Xiv Plan of the Two-Volume Edition

etc., are touched on only briefly. We provide references to the extensive literature
on these more specialized topics.

A specia note to C programmers. Right now, there is no effort at producing
a parald version of C that is comparable to Fortran 90 in maturity, acceptance,
and stability. We think, therefore, that C programmers will be well served by
using Volume 2, either in conjuction with thisVolume 1 or el se in conjunction with
the sister volume Numerical Recipes in C: The Art of Scientific Computing, for an
educational excursion into Fortran 90, its parallel programming constructions, and
the numerica agorithms that capitalize on them. C and C++ programming have
not been far from our minds as we have written this two-volume version. We
think you will find that time spent in absorbing the principal lessons of Volume
2's Chapters 21-23 will be amply repaid in the future, as C and C++ eventualy
develop standard paralel extensions.



Preface to the Second Edition

Our am in writing the original edition of Numerical Recipes was to provide a
book that combined general discussion, analytica mathematics, algorithmics, and
actua working programs. The success of the first edition puts us now in a difficult,
though hardly unenviable, position. We wanted, then and now, to write a book
that is informal, fearlessly editorial, unesoteric, and above all useful. There isa
danger that, if we are not careful, we might produce a second edition that isweighty,
balanced, scholarly, and boring.
Itisamixed blessing that we know more now than we did six years ago. Then,
we were making educated guesses, based on existing literature and our own research,
about which numerical techniqueswerethemost important and robust. Now, wehave
the benefit of direct feedback from alarge reader community. Lettersto our alter-ego
enterprise, Numerical Recipes Software, are in the thousands per year. (Please, don't
telephone us.) Our post office box has become a magnet for letters pointing out
that we have omitted some particular technique, well known to be important in a
particular field of science or engineering. We value such letters, and digest them
carefully, especialy when they point us to specific references in the literature.
The inevitable result of this input is that this Second Edition of Numerical
Recipes is substantially larger than its predecessor, in fact about 50% larger bothin
words and number of included programs (the latter now numbering well over 300).
“Don't let the book grow in size,” is the advice that we received from several wise
colleagues. We have tried to follow the intended spirit of that advice, even as we
violate the letter of it. We have not lengthened, or increased in difficulty, the book’s
principal discussions of mainstream topics. Many new topics are presented at this
same accessible level. Some topics, both from the earlier edition and new to this
one, are now set in smaller type that labels them as being “advanced.” The reader
who ignores such advanced sections completely will not, we think, find any lack of
continuity in the shorter volume that results.
Here are some highlights of the new materia in this Second Edition:
e anew chapter on integral equations and inverse methods
e a detailed treatment of multigrid methods for solving elliptic partial
differential equations
routines for band diagond linear systems
improved routines for linear algebra on sparse matrices
Cholesky and QR decomposition
orthogona polynomias and Gaussian quadratures for arbitrary weight
functions
methods for calculating numerical derivatives
e Padé approximants, and rational Chebyshev approximation
e Bessdl functions, and modified Bessel functions, of fractiona order; and
severa other new specia functions

e improved random number routines

e (uasi-random sequences

e routines for adaptive and recursive Monte Carlo integration in high-
dimensiona spaces

e globally convergent methods for sets of nonlinear equations

XV
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simulated annealing minimization for continuous control spaces

fast Fourier transform (FFT) for real datain two and three dimensions
fast Fourier transform (FFT) using externa storage

improved fast cosine transform routines

wavelet transforms

Fourier integrals with upper and lower limits

spectral analysis on unevenly sampled data

Savitzky-Golay smoothing filters

fitting straight line data with errors in both coordinates

a two-dimensiona Kolmogorov-Smirnoff test

the statistical bootstrap method

embedded Runge-K utta-Fehlberg methods for differential equations
high-order methods for tiff differential equations

a new chapter on “less-numerical” agorithms, including Huffman and
arithmetic coding, arbitrary precision arithmetic, and severa other topics.
Consult the Preface to the First Edition, following, or the Table of Contents, for a
list of the more “basic” subjects treated.
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Preface to the First Edition

We call thisbook Numerical Recipesfor several reasons. 1n one sense, thisbook
isindeed a“cookbook” on numerical computation. However there is an important
distinction between a cookbook and a restaurant menu. The latter presents choices
among complete dishes in each of which the individual flavors are blended and
disguised. The former — and this book — reveals the individua ingredients and
explains how they are prepared and combined.

Another purpose of the titleis to connote an eclectic mixture of presentational
techniques. This book is unique, we think, in offering, for each topic considered,
a certain amount of general discussion, a certain amount of anaytical mathematics,
a certain amount of discussion of agorithmics, and (most important) actual imple-
mentations of these ideas in the form of working computer routines. Our task has
been to find the right balance among these ingredients for each topic. You will
find that for some topics we have tilted quite far to the analytic side; this where we
have felt there to be gaps in the “standard” mathematical training. For other topics,
where the mathematical prerequisites are universaly held, we have tilted towards
more in-depth discussion of the nature of the computationa algorithms, or towards
practica questions of implementation.

We admit, therefore, to some unevennessinthe“level” of thisbook. About half
of it issuitable for an advanced undergraduate course on numerical computation for
science or engineering majors. The other haf ranges from the level of a graduate
course to that of a professional reference. Most cookbooks have, after al, recipes at
varying levels of complexity. An attractive feature of thisapproach, wethink, is that
thereader can usethebook at increasing level s of sophisticationas his/her experience
grows. Even inexperienced readers should be ableto use our most advanced routines
as black boxes. Having done so, we hope that these readers will subsequently go
back and learn what secrets are inside.

If there is a single dominant theme in this book, it is that practica methods
of numerical computation can be simultaneoudly efficient, clever, and — important
— clear. The dternative viewpoint, that efficient computational methods must
necessarily be so arcane and complex as to be useful only in “black box” form,
we firmly reject.

Our purpose in this book is thus to open up a large number of computationa
black boxes to your scrutiny. We want to teach you to take apart these black boxes
and to put them back together again, modifying them to suit your specific needs.
We assume that you are mathematicaly literate, i.e., that you have the normal
mathematical preparation associated with an undergraduate degree in a physica
science, or engineering, or economics, or a quantitative social science. We assume
that you know how to program a computer. We do not assume that you have any
prior formal knowledge of numerical analysis or numerical methods.

The scope of Numerical Recipes is supposed to be “everything up to, but
not including, partial differential equations.” We honor thisin the breach: First,
we do have one introductory chapter on methods for partia differentia equations
(Chapter 19). Second, weobvioudy cannot include everything ese. All theso-called
“standard” topics of a numerical analysis course have been included in this book:
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Preface to the First Edition Xix

linear equations (Chapter 2), interpolation and extrapolation (Chaper 3), integration
(Chaper 4), nonlinear root-finding (Chapter 9), eigensystems (Chapter 11), and
ordinary differential equations (Chapter 16). Most of these topics have been taken
beyond their standard treatments into some advanced material which we have felt
to be particularly important or useful.

Some other subjectsthat we cover in detail are not usually found in the standard
numerical analysistexts. These includethe evaluation of functionsand of particul ar
special functions of higher mathematics (Chapters 5 and 6); random numbers and
Monte Carlo methods (Chapter 7); sorting (Chapter 8); optimization, including
multidimensional methods (Chapter 10); Fourier transform methods, including FFT
methods and other spectra methods (Chapters 12 and 13); two chapters on the
statistical description and modeling of data (Chapters 14 and 15); and two-point
boundary value problems, both shooting and relaxation methods (Chapter 17).

Theprogramsinthisbook areincludedin ANSI-standard FORTRAN-77. Versions
of the book in C, Pascal, and BASIC are available separately. We have more to
say about the FORTRAN language, and the computational environment assumed by
our routines, in §1.1 (Introduction).
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License Information

Read this section if you want to use the programs in this book on a computer.
You'’ll need to read the following Disclaimer of Warranty, get the programs onto your
computer, and acquire a Numerical Recipes software license. (Without thislicense,
which can be the free “immediate license” under terms described bel ow, the book is
intended as a text and reference book, for reading purposes only.)

Disclaimer of Warranty

We make no warranties, express or implied, that the programs contained
in thisvolume are free of error, or are consistent with any particular standard
of merchantability, or that they will meet your requirements for any particular
application. They should not berelied on for solving a problem whoseincorrect
solution could result in injury to a person or loss of property. If you do usethe
programsin such a manner, it isat your own risk. The authors and publisher
disclaim all liability for direct or consequential damages resulting from your
use of the programs.

How to Get the Code onto Your Computer

Pick one of the following methods:

e You can type the programs from this book directly into your computer. In
this case, the only kind of license available to you is the free “immediate
license” (see below). You are not authorized to transfer or distribute a
machine-readabl e copy to any other person, nor to have any other person
type the programs into a computer on your behalf. We do not want to hear
bug reports from you if you choose this option, because experience has
shown that virtually all reported bugsin such cases are typing efrors!

e You can download the Numerical Recipes programs e ectronically from
the Numerical Recipes On-Line Software Store, located at our Web site
(http://wuw.nr.com). They are packaged as a password-protected
file, and you'll need to purchase a license to unpack them. You can
get a single-screen license and password immediately, on-line, from the
On-Line Store, with fees ranging from $50 (PC, Macintosh, educationa
institutions' UNIX) to $140 (general UNIX). Downloading the packaged
software from the On-Line Store is aso the way to start if you want to
acquire amore genera (multiscreen, site, or corporate) license.
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e You can purchase media containing the programs from Cambridge Uni-
versity Press. Diskette versions are available in IBM-compatible format
for machines running Windows 3.1, 95, or NT. CDROM versionsin | SO-
9660 format for PC, Macintosh, and UNIX systems are aso available;
these include both Fortran and C versions (as well as versions in Pascal
and BASIC from the first edition) on a single CDROM. Diskettes pur-
chased from Cambridge University Press include a single-screen license
for PC or Macintosh only. The CDROM is available with a single-
screen license for PC or Macintosh (order ISBN 0 521 576083), or (at a
slightly higher price) with a single-screen license for UNIX workstations
(order ISBN 0 521 576075). Orders for media from Cambridge Univer-
sity Press can be placed at 800 872-7423 (North America only) or by
email to orders@cup.org (North America) or trade@cup.cam.ac.uk (rest
of world). Or, visitthe Web siteshttp: //www. cup . org (North America)
or http://www.cup.cam.ac.uk (rest of world).

Types of License Offered

Here are the types of licenses that we offer. Note that some types are
automatically acquired with the purchase of media from Cambridge University
Press, or of an unlocking password from the Numerical Recipes On-Line Software
Store, while other types of licenses reguire that you communicate specifically with
Numerical Recipes Software (email: orders@nr.com or fax: 781 863-1739). Our
Web site http://www.nr.com has additiona information.

e [“Immediate License’] If you are the individua owner of a copy of this
book and you type one or more of its routines into your computer, we
authorize you to use them on that computer for your own persona and
noncommercia purposes. You are not authorized to transfer or distribute
machine-readable copies to any other person, or to use the routines on
more than one machine, or to distribute executable programs containing
our routines. This is the only free license.

e [“Single-Screen License”] This is the most common type of low-cost
license, with terms governed by our Single Screen (Shrinkwrap) License
document (compl ete terms available through our Web site). Basically, this
license lets you use Numerical Recipes routines on any one screen (PC,
workstation, X-terminal, etc.). You may aso, under thislicense, transfer
pre-compiled, executable programs incorporating our routines to other,
unlicensed, screens or computers, providing that (i) your application is
noncommercial (i.e., does not involve the selling of your program for a
fee), (ii) the programs were first developed, compiled, and successfully
runon alicensed screen, and (iii) our routines are bound into the programs
in such a manner that they cannot be accessed as individua routines and
cannot practicably be unbound and used in other programs. That is, under
this license, your program user must not be able to use our programs as
part of a program library or “mix-and-match” workbench. Conditionsfor
other types of commercia or noncommercia distribution may be found
on our Web site (bttp://www.nr.com).
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e [“Multi-Screen, Server, Site, and Corporate Licenses’] The terms of
the Single Screen License can be extended to designated groups of
machines, defined by number of screens, number of machines, locations,
or ownership. Significant discounts from the corresponding single-screen
prices are available when the estimated number of screens exceeds 40.
Contact Numerical Recipes Software (email: orders@nr.com or fax: 781
863-1739) for details.

e [“Course Right-to-Copy License’] Instructors at accredited educational
institutions who have adopted this book for a course, and who have
already purchased a Single Screen License (either acquired with the
purchase of media or from the Numerical Recipes On-Line Software
Store), may license the programs for use in that course as follows: Mail
your name, title, and address; the course name, number, dates, and
estimated enrollment; and advance payment of $5 per (estimated) student
to Numerical Recipes Software, at thisaddress: PO. Box 243, Cambridge,
MA 02238 (USA). You will receive by return mail a license authorizing
you to make copies of the programs for use by your students, and/or to
transfer the programs to a machine accessible to your students (but only
for the duration of the course).

About Copyrights on Computer Programs

Like artistic or literary compositions, computer programs are protected by
copyright. Generdly it is an infringement for you to copy into your computer a
program from a copyrighted source. (It is aso not a friendly thing to do, since it
deprives the program’s author of compensation for hisor her creative effort.) Under
copyright law, al “derivativeworks’ (modified versions, or trand ationsinto another
computer language) also come under the same copyright as the original work.

Copyright does not protect ideas, but only the expression of those ideas in
a particular form. In the case of a computer program, the ideas consist of the
program’s methodology and algorithm, including the necessary sequence of steps
adopted by the programmer. The expression of those ideas is the program source
code (particularly any arbitrary or stylistic choices embodied init), its derived object
code, and any other derivative works.

If you analyze the ideas contained in a program, and then express those
ideas in your own completdy different implementation, then that new program
implementation belongs to you. That is what we have done for those programs in
this book that are not entirely of our own devising. When programsin thisbook are
said to be “based” on programs published in copyright sources, we mean that the
ideas are the same. The expression of these ideas as source code is our own. We
believe that no material in this book infringes on an existing copyright.

Trademarks

Several registered trademarks appear within the text of this book: Sun is a
trademark of Sun Microsystems, Inc. SPARC and SPARCstation are trademarks of
SPARC International, Inc. Microsoft, Windows 95, Windows NT, PowerStation,
and MS are trademarks of Microsoft Corporation. DEC, VMS, Alpha AXP, and
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ULTRIX are trademarks of Digital Equipment Corporation. IBM is a trademark of
International Business Machines Corporation. Apple and Macintosh are trademarks
of Apple Computer, Inc. UNIX isatrademark licensed exclusively through X/Open
Co. Ltd. IMSL isatrademark of Visua Numerics, Inc. NAG refers to proprietary
computer software of Numerical Algorithms Group (USA) Inc. PostScript and
Adobelllustrator are trademarks of Adobe Systems Incorporated. Last, and no doubt
least, Numerical Recipes (when identifying products) is a trademark of Numerical
Recipes Software.

Attributions

The fact that ideas are legally “free as air” in no way supersedes the ethical
requirement that ideas be credited to their known originators. When programs in
thisbook are based on known sources, whether copyrighted or in the public domain,
published or “handed-down,” we have attempted to give proper attribution. Unfor-
tunately, the lineage of many programs in common circulation is often unclear. We
would be grateful to readers for new or corrected information regarding attributions,
which we will attempt to incorporate in subsequent printings.
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Chapter 1.  Preliminaries

1.0 Introduction

This book, like its predecessor edition, is supposed to teach you methods of
numerical computing that are practical, efficient, and (insofar as possible) elegant.
We presume throughout this book that you, the reader, have particul ar tasks that you
want to get done. We view our job as educating you on how to proceed. Occasionally
we may try to reroute you briefly onto a particularly beautiful side road; but by and
large, we will guide you along main highways that lead to practical destinations.

Throughout this book, you will find us fearlessy editoridizing, telling you
what you should and shouldn’t do. This prescriptive tone results from a conscious
decision on our part, and we hope that you will not find it irritating. We do not
claim that our advice is infalible! Rather, we are reacting against a tendency, in
the textbook literature of computation, to discuss every possible method that has
ever been invented, without ever offering apractical judgment on relative merit. We
do, therefore, offer you our practica judgments whenever we can. As you gain
experience, you will form your own opinion of how reliable our adviceis.

We presume that you are able to read computer programs in FORTRAN, that
being the language of this version of Numerical Recipes (Second Edition). The
book Numerical Recipesin C (Second Edition) is separately available, if you prefer
to program in that language. Earlier editions of Numerical Recipes in Pascal and
Numerical Recipes Routines and Examples in BASC are also available; while not
containing the additional material of the Second Edition versionsin C and FORTRAN,
these versions are perfectly serviceable if Pascal or BASIC is your language of
choice.

When we include programs in the text, they look like this:

SUBROUTINE flmoon(n,nph,jd,frac)

INTEGER jd,n,nph

REAL frac,RAD

PARAMETER (RAD=3.14159265/180.)
Our programs begin with an introductory comment summarizing their purpose and explain-
ing their calling sequence. This routine calculates the phases of the moon. Given an integer
n and a code nph for the phase desired (nph = 0 for new moon, 1 for first quarter, 2 for
full, 3 for last quarter), the routine returns the Julian Day Number jd, and the fractional
part of a day frac to be added to it, of the nth such phase since January, 1900. Greenwich
Mean Time is assumed.

INTEGER i

REAL am,as,c,t,t2,xtra

c=n+nph/4. This is how we comment an individual line.

t=c/1236.85

t2=t**2
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as=359.2242+29.105356%c You aren’t really intended to understand this al-
am=306.0253+385.816918%c+0.010730*t2 gorithm, but it does work
jd=2415020+28%n+7*nph
xtra=0.75933+1.53058868*c+(1.178e-4-1.55e-7*t) *t2
if (nph.eq.0.or.nph.eq.2)then
xtra=xtra+(0.1734-3.93e-4*t)*sin (RAD*as)-0.4068*sin (RAD*am)
else if(nph.eq.1l.or.nph.eq.3)then
xtra=xtra+(0.1721-4.e-4*t)*sin(RAD*as)-0.6280*sin (RAD*am)
else
pause ’nph is unknown in flmoon’ This is how we will indicate error conditions.
endif
if (xtra.ge.0.)then
i=int(xtra)
else
i=int(xtra-1.)
endif
jd=jd+i
frac=xtra-i
return
END

A few remarks about our typographical conventions and programming style

are in order at this point:

e It isgood programming practice to declare all variables and identifiersin
explicit “type’ statements (REAL, INTEGER, etc.), even though theimplicit
declaration rules of FORTRAN do not require this. We will aways do
s0. (As an aside to non-FORTRAN programmers, the implicit declaration
rules are that variables which begin with the letters i, j,k,1,m,n are
implicitly declared to be type INTEGER, while all other variables are
implicitly declared to be type REAL. Explicit declarations override these
conventions.)

e In sympathy with modular and object-oriented programming practice,
we separate, typographically, a routine's “public’ or “interface” section
from its “private” or “implementation” section. We do this even though
FORTRAN is by no means a modular or object-oriented language: the
separation makes sense simply as good programming style.

e The public section contains the calling interface and declarations of its
variables. We find it useful to consider PARAMETER statements, and their
associated declarations, as also being in the public section, since a user
may want to modify parameter valuesto suit a particular purpose. COMMON
blocks are likewise usualy part of the public section, since they involve
communication between routines.

e Asthe last entry in the public section, we will, where applicable, put a
standardized comment linewith theword USES (not aFORTRAN keyword),
followed by alist of al external subroutines and functionsthat the routine
references, excluding built-in FORTRAN functions. (For examples, see the
routines in §6.1.)

e Anintroductory comment, set in type as an indented paragraph, separates
the public section from the private or implementation section.

o Withintheintroductory comments, aswell asinthetext, wewill frequently
use the notation a(1:m) to mean “the array elements a(1), a(2), ...,
a(m).” Likewise, notations like b(2:7) or c¢(1:m,1:n) are to be
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interpreted as ranges of array indices. (This use of colon to denote ranges
comes from FORTRAN-77's syntax for array declarators and character
substrings.)

e The implementation section contai ns the declarations of variablesthat are
used only internally intheroutine, any necessary SAVE statementsfor static
variables (variables that must be preserved between calls to the routine),
and of course the routine's actual executable code.

e Caseisnot significantin FORTRAN, so it can be used to promote readability.
Our convention is to use upper case for two different, nonconflicting,
purposes. First, nonexecutable compiler keywords are in upper case (e.g.,
SUBROUTINE, REAL, COMMON); second, parameter identifiers are in upper
case. The reason for capitalizing parameters is that, because their values
are liable to be modified, the user often needs to scan the implementation
section of code to see exactly how the parameters are used.

e For simplicity, we adopt the convention of handling all errors and excep-
tional cases by the pause statement. In general, we do not intend that you
continue program execution after a pause occurs, but FORTRAN allowsyou
to do so — if you want to see what kind of wrong answer or catastrophic
error results. In many applications, you will want to modify our programs
to do more sophisticated error handling, for example to return with an
error flag set, or call an error-handling routine.

e In the printed form of this book, we take some special typographical
liberties regarding statement labels, and do ... continue constructions.
These are described in §1.1. Note that no such liberties are taken in the
machine-readable Numerical Recipes diskettes, where all routines are in
standard ANS| FORTRAN-77.

Computational Environment and Program Validation

Our goal is that the programs in this book be as portable as possible, across
different platforms (models of computer), across different operating systems, and
across different FORTRAN compilers. As surrogates for the large number of possible
combinations, we have tested all the programs in this book on the combinations
of machines, operating systems, and compilers shown on the accompanying table.
More generally, the programs should run without modification on any compiler that
implements the ANSI FORTRAN-77 standard. At the time of writing, there are not
enough installed implementations of the successor FORTRAN-90 standard to justify
our using any of its more advanced festures. Since FORTRAN-90 is backwards-
compatible with FORTRAN-77, there should be no difficulty in using the programsin
this book on FORTRAN-90 compilers, as they become available.

In validating the programs, we have taken the program source code directly
from the machine-readable form of the book’s manuscript, to decrease the chance
of propagating typographica errors. “Driver” or demonstration programs that we
used as part of our validations are available separately as the Numerical Recipes
Example Book (FORTRAN), as well as in machine-readable form. If you plan to
use more than a few of the programs in this book, or if you plan to use programs
in this book on more than one different computer, then you may find it useful to
obtain a copy of these demonstration programs.
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Tested Machinesand Compilers

Hardware O/S Version Compiler Version
IBM PC compatible486/33 MS-DOS5.0 Microsoft Fortran 5.1
IBM RS6000 AIX 3.0 IBM AIX XL FORTRAN Compiler/6000
IBM PC-RT BSD UNIX 4.3 “UNIX Fortran 77"
DEC VAX 4000 VMS54 VAX Fortran 5.4
DEC VAXstation 2000 BSD UNIX 4.3 Berkeley f77 2.0 (4.3 bsd, SCCS lev. 6)
DECstation 5000/200 ULTRIX 4.2 DEC Fortran for ULTRIX RISC 3.1
DECsystem 5400 ULTRIX 4.1 MIPS {77 2.10
Sun SPARCstation 2 Sun0OS 4.1 Sun Fortran 1.4 (SC 1.0)
Apple Macintosh System 6.0.7/ MPW 32  Absoft Fortran 77 Compiler 3.1.2

Of course we would be foolish to claim that there are no bugsin our programs,
and we do not make such a claim. We have been very careful, and have benefitted
from the experience of the many readers who have written to us. If you find a new
bug, please document it and tell us!

Compatibility with the First Edition

If you are accustomed to the Numerical Recipesroutinesof theFirst Edition, rest
assured: amost all of them are still here, with the same names and functionalities,
often with major improvements in the code itself. In addition, we hope that you
will soon become equally familiar with the added capabilities of the more than 100
routines that are new to this edition.

We have retired a small number of First Edition routines, those that we believe
to be clearly dominated by better methods implemented in this edition. A table,
following, lists the retired routines and suggests replacements.

First Edition users should also be aware that some routines common to
both editions have dterations in their caling interfaces, so are not directly “plug
compatible” A fairly completelistis: chsone, chstwo, covsrt, dfpmin, laguer,
1fit, memcof, mrqcof, mrgmin, pzextr, ran4, realft, rzextr, shoot, shootf.
There may be others (depending in part on which printing of the First Editionistaken
for the comparison). If you have written software of any appreciable complexity
that is dependent on First Edition routines, we do not recommend blindly replacing
them by the corresponding routines in this book. We do recommend that any new
programming efforts use the new routines.

About References

You will find references, and suggestions for further reading, listed at the
end of most sections of this book. References are cited in the text by bracketed
numbers like this[1].

Because computer algorithms often circulate informally for quite some time
before appearing in a published form, the task of uncovering “primary literature”
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Previous Routines Omitted from This Edition
Name(s) Replacement(s) Comment
ADI mglin Or mgfas better method
COSFT cosftlor cosft2 choice of boundary conditions
CEL, EL2 rf,rd, rj, rc better algorithms
DES, DESKS ran4 NOW useSpsdes  wastoo slow
MDIAN1,MDIAN2 select, selip more general
QCKSRT sort name change (SORT iSnow hpsort)
RKQC rkqgs better method
SMOOFT use convlv with coefficients from savgol
SPARSE linbcg more general

is sometimes quite difficult. We have not attempted this, and we do not pretend
to any degree of bibliographical completeness in this book. For topics where a
substantial secondary literature exists (discussion in textbooks, reviews, etc.) we
have conscioudly limited our references to a few of the more useful secondary
sources, especially those with good references to the primary literature. Where the
existing secondary literature is insufficient, we give references to a few primary
sources that are intended to serve as starting points for further reading, not as
complete bibliographies for the field.

Theorder inwhichreferencesarelisted isnot necessarily significant. It reflectsa
compromise between listing cited referencesin theorder cited, and listing suggestions
for further reading in aroughly prioritized order, with the most useful onesfirst.

The remaining two sections of this chapter review some basic concepts of
programming (control structures, etc.) and of numerica anaysis (roundoff error,
etc.). Thereafter, we plunge into the substantive material of the book.

CITED REFERENCES AND FURTHER READING:

Meeus, J. 1982, Astronomical Formulae for Calculators, 2nd ed., revised and enlarged (Rich-
mond, VA: Willmann-Bell). [1]

1.1 Program Organization and Control
Structures

We sometimes liketo point out the close anal ogi es between computer programs,
on the one hand, and written poetry or written musical scores, on the other. All
three present themselves as visua media, symbols on a two-dimensiona page or
computer screen. Yet, in all three cases, the visual, two-dimensional, frozen-in-time
representation communicates (or is supposed to communicate) something rather
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different, namely a process that unfoldsin time. A poem is meant to be read; music,
played; a program, executed as a sequential series of computer instructions.

Inal three cases, thetarget of the communication, initsvisua form, isahuman
being. The goa is to transfer to him/her, as efficiently as can be accomplished,
the greatest degree of understanding, in advance, of how the process will unfoldin
time. In poetry, this human target is the reader. In music, it is the performer. In
programming, it is the program user.

Now, you may object that the target of communication of a program is not
a human but a computer, that the program user is only an irrelevant intermediary,
a lackey who feeds the machine. This is perhaps the case in the situation where
the business executive pops a diskette into a desktop computer and feeds that
computer a black-box program in binary executable form. The computer, in this
case, doesn’t much care whether that program was written with “good programming
practice” or not.

We envision, however, that you, the readers of thisbook, are in quite a different
Situation. You need, or want, to know not just what a program does, but also how
it doesit, so that you can tinker with it and modify it to your particular application.
You need others to be able to see what you have done, so that they can criticize or
admire. In such cases, where the desired goal is maintainable or reusable code, the
targets of a program’s communication are surely human, not machine.

One key to achieving good programming practice is to recognize that pro-
gramming, music, and poetry — al three being symbolic constructs of the human
brain — are naturally structured into hierarchies that have many different nested
levels. Sounds (phonemes) form small meaningful units (morphemes) whichin turn
form words; words group into phrases, which group into sentences; sentences make
paragraphs, and these are organized into higher levels of meaning. Notes form
musical phrases, which form themes, counterpoints, harmonies, etc.; which form
movements, which form concertos, symphonies, and so on.

The structure in programs is equaly hierarchical. Appropriately, good pro-
gramming practice brings different techniques to bear on the different levels[1-3].
At alow leve is the ascii character set. Then, constants, identifiers, operands,
operators. Then program statements, like a(j+1)=b+c/3.0. Here, the best pro-
gramming advice is simply be clear, or (correspondingly) don't be too tricky. You
might momentarily be proud of yourself at writing the single line

k=(2-j)*(1+3%j) /2

if you want to permute cyclicaly one of the values j = (0, 1, 2) into respectively
k = (1,2,0). You will regret it later, however, when you try to understand that
line. Better, and likely also faster, is

k=j+1
if (k.eq.3) k=0

Many programming stylists would even argue for the ploddingly literal

if (j.eq.0) then
k=1

else if (j.eq.1) then
k=2
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else if (j.eq.2) then

k=0
else

pause ’never get here’
endif

on thegroundsthat it isboth clear and additionally safeguarded from wrong assump-
tions about the possible values of j. Our preference among the implementations
is for the middle one.

In this simple example, we have in fact traversed several levels of hierarchy:
Statements frequently come in “groups’ or “blocks’ which make sense only taken
as awhole. The middle fragment above is one example. Another is

swap=a(j)
a(j)=b(j)
b(j)=swap

which makes immediate sense to any programmer as the exchange of two variables,
while

sum=0.0
ans=0.0
n=1

isvery likely to be an initialization of variables prior to some iterative process. This
level of hierarchy in aprogramisusually evident to theeye. It isgood programming
practice to put in comments at thislevel, e.g., “initialize” or “exchange variables.”

The next level is that of control structures. These are things like the
if.. .then...else clauses in the example above, do loops, and so on. This
level is sufficiently important, and relevant to the hierarchical level of the routines
in this book, that we will come back to it just below.

At gtill higher levels in the hierarchy, we have (in FORTRAN) subroutines,
functions, and the whole “global” organization of the computational task to be
done. Inthe musical analogy, we are now at the level of movements and complete
works. At these levels, modularization and encapsulation become important
programming concepts, the general idea being that program units should interact
with oneanother only through clearly defined and narrowly circumscribed interfaces.
Good modularization practice is an essential prerequisite to the success of large,
complicated software projects, especially those employing the efforts of more than
one programmey. It isalso good practice (if not quite as essential) inthe lessmassive
programming tasks that an individual scientist, or reader of this book, encounters.

Some computer languages, such as Modula-2 and C++, promote good modular-
ization with higher-level language constructs, absent in FORTRAN-77. In Modula2,
for example, subroutines, type definitions, and data structures can be encapsulated
into “modules’ that communicate through declared public interfaces and whose
internal workings are hidden from the rest of the program[4]. In the C++ language,
the key concept is“class,” a user-definable generalization of data type that provides
for data hiding, automatic initidization of data, memory management, dynamic
typing, and operator overloading (i.e., the user-definable extension of operators like
+ and * so0 as to be appropriate to operands in any particular class) [S5]. Properly
used in defining the data structures that are passed between program units, classes
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can clarify and circumscribe these units' public interfaces, reducing the chances of
programming error and also allowing a considerable degree of compile-time and
run-time error checking.

Beyond modularization, though depending on it, lie the concepts of object-
oriented programming. Here a programming language, such as C++ or Turbo Pascal
5.516], allows amodul€'s public interface to accept redefinitions of types or actions,
and these redefinitions become shared al the way down through the module's
hierarchy (so-called polymorphism). For example, a routine written to invert a
matrix of real numbers could — dynamically, at run time — be made able to handle
complex numbers by overloading complex data types and corresponding definitions
of the arithmetic operations. Additional concepts of inheritance (the ability to define
adatatypethat “inherits’ al the structure of another type, plus additional structure
of its own), and object extensibility (the ability to add functionality to a module
without access to its source code, e.g., a run time), also come into play.

We have not attempted to modularize, or make objects out of, the routinesin
this book, for at least two reasons. First, the chosen language, FORTRAN-77, does
not really make this possible. Second, we envision that you, the reader, might want
to incorporate the algorithms in this book, a few at a time, into modules or objects
with a structure of your own choosing. There doesnot exist, at present, a standard or
accepted set of “classes’ for scientific object-oriented computing. While we might
have tried to invent such a set, doing so would have inevitably tied the algorithmic
content of the book (which isitsraison d’étre) to some rather specific, and perhaps
haphazard, set of choices regarding class definitions.

On the other hand, we are not unfriendly to the goals of modular and object-
oriented programming. Within the limits of FORTRAN, we have therefore tried to
structure our programsto be “object friendly,” principally viathe clear delineation of
interface vs. implementation (§1.0) and the explicit declaration of variables. Within
our implementation sections, we have paid particular attention to the practices of
structured programming, as we now discuss.

Control Structures

An executing program unfolds in time, but not strictly in the linear order in
which the statements are written. Program statements that affect the order in which
statements are executed, or that affect whether statements are executed, are called
control statements. Control statements never make useful sense by themselves. They
make sense only in the context of the groups or blocks of statementsthat they in turn
control. If you think of those blocks as paragraphs containing sentences, then the
control statements are perhaps best thought of as the indentation of the paragraph
and the punctuation between the sentences, not the words within the sentences.

We can now say what the goa of structured programming is. It is to make
program control manifestly apparent in the visual presentation of the program. You
see that this goa has nothing at all to do with how the computer sees the program.
Asalready remarked, computersdon’t care whether you use structured programming
or not. Human readers, however, do care. You yourself will also care, once you
discover how much easier it isto perfect and debug a well-structured program than
one whose control structure is obscure.
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You accomplish the goals of structured programming in two complementary
ways. First, you acquaint yourself with the small number of essentia control
structures that occur over and over again in programming, and that are therefore
given convenient representationsin most programming languages. You should learn
to think about your programming tasks, insofar as possible, exclusively in terms of
these standard control structures. In writing programs, you should get into the habit
of representing these standard control structuresin consistent, conventional ways.

“Doesn’t this inhibit creativity?” our students sometimes ask. Yes, just
as Mozart's crestivity was inhibited by the sonata form, or Shakespeare's by the
metrical requirements of the sonnet. The point is that creativity, when it is meant to
communicate, doeswell under the inhibitionsof appropriate restrictions on format.

Second, you avoid, insofar as possible, control statements whose controlled
blocks or objects are difficult to discern at a glance. This means, in practice, that
you must try to avoid statement labels and goto’s. It is not the goto’s that are
dangerous (although they do interrupt on€'s reading of a program); the statement
labels are the hazard. |In fact, whenever you encounter a statement label while
reading a program, you will soon become conditioned to get a sinking feeling in
the pit of your stomach. Why? Because the following questions will, by habit,
immediately spring to mind: Where did control come fromin a branch to thislabel?
It could be anywhere in the routine! What circumstances resulted in a branch to
thislabel? They could be anything! Certainty becomes uncertainty, understanding
dissolves into a morass of possibilities.

Some older languages, notably 1966 FORTRAN and to alesser extent FORTRAN-
77, require statement labelsin the construction of certain standard control structures.
We will see thisin more detail below. This is a demerit for these languages. In
such cases, you must use labels as required. But you should never branch to them
independently of the standard control structure. If you must branch, let it be to an
additional label, one that is not masguerading as part of astandard control structure.

We call labels that are part of a standard construction and never otherwise
branched to tame labels. They do not interfere with structured programming in any
way, except possibly typographically as distractions to the eye.

Some examples are now in order to make these considerations more concrete
(see Figure 1.1.1).

Catalog of Standard Structures

Iteration.  In FORTRAN, simple iteration is performed with a do loop, for
example

do 10 j=2,1000
b(j)=a(j-1)
a(j-1)=j
10 continue

Notice how we aways indent the block of code that is acted upon by the control
structure, leaving the structure itself unindented. The statement label 10 in this
example is atame label. The majority of modern implementations of FORTRAN-77
provide a nonstandard |anguage extension that obviates the tame label. Originaly
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Figure 1.1.1. Standard control structures used in structured programming: (a) DO iteration; (b) DO
WHILE iteration; (c) DO UNTIL iteration; (d) BREAK iteration; (€) IF structure; (f) obsolete form of
DO iteration found in FORTRAN-66, where the block is executed once even if the iteration condition
is initially not satisfied.
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Figure1.1.1. Standard control structuresusedin structured programming (See caption on previouspage).
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introduced in Digital Equipment Corporations's VAX-11 FORTRAN, the “enddo”
statement is used as

do j=2,1000
b(j)=a(j-1)
a(j-1)=j
enddo

Infact, it was aterrible mistakethat the American National Standard for FORTRAN-77
(ANSI X3.9-1978) failed to provide an enddo or equivalent construction. This
mistake by the people who write standards, whoever they are, presents us now,
more than 15 years later, with a painful quandary: Do we stick to the standard, and
clutter our programs with tame labels? Or do we adopt a nonstandard (albeit widely
implemented) FORTRAN construction like enddo?

We have adopted a compromise position. Standards, even imperfect standards,
areterribly important and highly necessary in atime of rapid evolutionin computers
and their applications. Therefore, all machine-readable forms of our programs (e.g.,
the diskettes that you can order from the publisher — see back of this book) are
strictly FORTRAN-77 compliant. (Well, almost strictly: there is a minor anomaly
regarding bit manipulation functions, see below.) In particular, do blocks always
end with labeled continue statements, as in the first example above.

In the printed version of this book, however, we make use of typography to
mitigatethe standard’ sdeficiencies. The statement label that followsthedo isprinted
in small type — as asignal that it is atame label that you can safely ignore. And,
theword “continue” is printed as “enddo”, which you may regard as avery peculiar
change of font! The example above, in our adopted typographical format, is

do1o j=2,1000
b(j)=a(j-1)
a(j-1)=j
enddo 10

(Notice that we a so take the typographical liberty of writing the tame label after the
“continue” statement, rather than before.)
A nested do loop looks like this:

do1 j=1,20
s(j)=0.
do 11 k=5,10
s(J=s(ji+a(j,k)
enddo 1
enddo 12

Generaly, the numerica values of the tame labels are chosen to put the enddo’s
(labeled continue’s on the diskette) into ascending numerical order, hence thedo »
before the don in the above example.

IF structure.  In this structure the FORTRAN-77 standard is exemplary. Here
is aworking program that consists dominantly of if control statements:
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FUNCTION julday(mm,id,iyyy)

INTEGER julday,id,iyyy,mm, IGREG

PARAMETER (IGREG=15+31%(10+12%1582)) Gregorian Calendar adopted Oct. 15, 1582
In this routine julday returns the Julian Day Number that begins at noon of the calendar
date specified by month mm, day id, and year iyyy, all integer variables. Positive year
signifies A.D.; negative, B.C. Remember that the year after 1 B.C. was 1 A.D.

INTEGER ja,jm,jy

Jy=iyyy

if (jy.eq.0) pause ’julday: there is no year zero’

if (jy.1t.0) jy=jy+1i

if (mm.gt.2) then Here is an example of a block IF-structure.
jm=mm+1

else
Jy=jy-1
jm=mm+13

endif

julday=int (365.25%jy)+int (30.6001%jm) +id+1720995

if (id+31*(mm+12*iyyy) .ge.IGREG) then Test whether to change to Gregorian Calen-
ja=int (0.01%jy) dar.
julday=julday+2-ja+int (0.25%ja)

endif

return

END

(Astronomers number each 24-hour period, starting and ending a noon, with
a unique integer, the Julian Day Number [7]. Julian Day Zero was a very long
time ago; a convenient reference point is that Julian Day 2440000 began at noon
of May 23, 1968. If you know the Julian Day Number that begins at noon of a
given caendar date, then the day of the week of that date is obtained by adding
1 and taking the result modulo base 7; a zero answer corresponds to Sunday, 1 to
Monday, ..., 6 to Saturday.)

Do-Whileiteration.  Most good languages, except FORTRAN, provide for
structures like the following C example:

while (n<1000) {
n=2%n;
j++; In C this has the meaning j=j+1.

In fact, many FORTRAN implementations have the nonstandard extension

do while (n.1t.1000)
n=2%n
j=j+1

enddo

Withinthe FORTRAN-77 standard, however, the structurerequires atame label:

17if (n.1t.1000) then
n=2%n
j=j+1
goto 17
endif
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There are other ways of constructing a Do-Whilein FORTRAN, but wetry to use
the above format consistently. You will quickly get used to a statement like »if as
signaling this structure. Notice that the two final statements are not indented, since
they are part of the control structure, not of the inside block.

Do-Until iteration.  InPascal, for example, thisis rendered as

REPEAT
n:=n DIV 2; Pascal’s integer divide is DIV.
k:=k+1;

UNTIL (n=1);

In FORTRAN we write

19 continue
n=n/2
k=k+1

if (n.ne.1) goto

Break. Inthiscase, you have aloop that is repeated indefinitely until some
condition tested somewhere in the middle of the loop (and possibly tested in more
than one place) becomes true. At that point you wish to exit the loop and proceed
with what comes after it. Standard FORTRAN does not make this structure accessible
without labels. We will try to avoid using the structure when we can. Sometimes,
however, it is plainly necessary. We do not have the patience to argue with the
designers of computer languages over this point. In FORTRAN we write

13 continue
[statements before the test]
if (---) gotous
[statements after the test]
goto 13
14 continue

Here isa program that uses several different iteration structures. One of uswas
once asked, for a scavenger hunt, to find the date of a Friday the 13th on which the
moon was full. Thisis a program which accomplishes that task, giving incidentally
all other Fridays the 13th as a by-product.

PROGRAM badluk
INTEGER ic,icon,idwk,ifrac,im,iybeg,iyend,iyyy,jd, jday,n,

julday
REAL TIMZON,frac
PARAMETER (TIMZON=-5./24.) Time zone —5 is Eastern Standard Time.
DATA iybeg,iyend /1900,2000/ The range of dates to be searched.

USES f I noon, j ul day
write (*,’(1x,a,ib,a,i5)’) ’Full moons on Friday the 13th from’,
iybeg,’ to’,iyend

do 12 iyyy=iybeg,iyend Loop over each year,
don im=1,12 and each month.
jday=julday(im,13,iyyy) Is the 13th a Friday?

idwk=mod (jday+1,7)
if (idwk.eq.5) then
n=12.37* (iyyy-1900+(im-0.5)/12.)
This value n is a first approximation to how many full moons have occurred
since 1900. We will feed it into the phase routine and adjust it up or down until
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we determine that our desired 13th was or was not a full moon. The variable
icon signals the direction of adjustment.

icon=0
call flmoon(n,2,jd,frac) Get date of full moon n.
ifrac=nint (24.*(frac+TIMZON)) Convert to hours in correct time zone.
if (ifrac.1t.0)then Convert from Julian Days beginning at noon
jd=jd-1 to civil days beginning at midnight.
ifrac=ifrac+24
endif
if (ifrac.gt.12)then
jd=jd+1
ifrac=ifrac-12
else
ifrac=ifrac+12
endif
if (jd.eq. jday)then Did we hit our target day?

write (*,’(/1x,i2,a,i2,a,i4)’) im,’/’,13,’/’,iyyy
write (*,’(1x,a,i2,a)’) ’Full moon ’,ifrac,
> hrs after midnight (EST).’
Don't worry if you are unfamiliar with FORTRAN's esoteric input/output
statements; very few programs in this book do any input/output.
goto 2 Part of the break-structure, case of a match.
else Didn't hit it.
ic=isign(1,jday-jd)
if(ic.eq.-icon) goto 2 Another break, case of no match.
icon=ic
n=n+ic
endif
goto 1
continue
endif
enddo 11
enddo 12
END

If you are merely curious, there were (or will be) occurrences of a full moon
on Friday the 13th (time zone GMT—5) on: 3/13/1903, 10/13/1905, 6/13/1919,
1/13/1922, 11/13/1970, 2/13/1987, 10/13/2000, 9/13/2019, and 8/13/2049.

Other “standard” structures. Our advice is to avoid them. Every
programming language has some number of “goodies’ that the designer just couldn’t
resist throwing in. They seemed like a good idea at the time. Unfortunately they
don't stand the test of time! Your program becomes difficult to trandate into other
languages, and difficult to read (because rarely used structures are unfamiliar to the
reader). You can amost aways accomplish the supposed conveniences of these
structures in other ways. Try to do so with the above standard structures, which
redly are standard. If you can’t, then use straightforward, unstructured, tests and
goto’s. Thiswill introduce real (not tame) statement |abels, whose very existence
will warn the reader to give special thought to the program’s control flow.

In FORTRAN we consider the ill-advised control structures to be

e assigned goto and assign statements

e computed goto Statement

e arithmetic if statement
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About “Advanced Topics”

Material set in smaller type, like this, signals an “advancedtopic,” either one outside of
the main argument of the chapter, or else one requiring of you more than the usual assumed
mathematical background, or else (in a few cases) a discussion that is more speculative or an
algorithm that is less well-tested. Nothing important will be lost if you skip the advanced
topics on a first reading of the book.

You may havenoticed that, by itslooping over themonthsandyears, the programbadluk
avoids using any algorithm for converting a Julian Day Number back into a calendar date. A
routine for doing just this is not very interesting structurally, but it is occasionally useful:

SUBROUTINE caldat(julian,mm,id,iyyy)

INTEGER id,iyyy,julian,mm,IGREG

PARAMETER (IGREG=2299161)
Inverse of the function julday given above. Here julianis input as a Julian Day Number,
and the routine outputsmm,id, and iyyy as the month, day, and year on which the specified
Julian Day started at noon.

INTEGER ja,jalpha,jb,jc,jd,je

if (julian.ge.IGREG)then Cross-over to Gregorian Calendar produces
jalpha=int (((julian-1867216)-0.25)/36524.25) this correction.
ja=julian+i+jalpha-int (0.25%jalpha)

else if (julian.1lt.O)then Make day number positive by adding in-
ja=julian+36525%(1-julian/36525) teger number of Julian centuries, then

else subtract them off at the end.
ja=julian

endif

jb=ja+1524

jc=int (6680.+((jb-2439870)-122.1)/365.25)
jd=365*jc+int (0.25%jc)

je=int ((jb-jd)/30.6001)

id=jb-jd-int (30.6001%je)

mm=je-1

if (mm.gt.12) mm=mm-12

iyyy=jc-4715

if (mm.gt.2)iyyy=iyyy-1

if (iyyy.le.0)iyyy=iyyy-1

if (julian.1lt.0)iyyy=iyyy-100*(1-julian/36525)
return

END

(For additional calendrical algorithms, applicableto varioushistorical calendars, see[8].)
Some Habits and Assumed ANSI Extensions

Mentioning a few of our programming habits here will make it easier for you

to read the programs in this book.

e \We habitually use m and n to refer to the logical dimensions of a matrix,
mp and np to refer to the physical dimensions. (These important concepts
are detailed in §2.0 and Figure 2.0.1.)

o Often, when a subroutine or procedure is to be passed some integer n, it
needs an internally preset value for the largest possible value that will be
passed. We habitually call thisNMAX, and set it in aPARAMETER statement.
When we say inacomment, “largest value of n,” we do not mean toimply
that the program will fail algorithmically for larger values, but only that
NMAX must be altered.

e A number represented by TINY, usualy a parameter, is supposed to be
much smaller than any number of interest to you, but not so small that it
underflows. Its use is usually prosaic, to prevent divide checks in some
circumstances.
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Asamatter of typography, the printed FORTRAN programs in this book, if typed
into a computer exactly as written, would violate the FORTRAN-77 standard in afew
trivial ways. The anomalies, which are not present in the machine-readabl e program
distributions, are as follows:

e As dready discussed, we use enddo followed by the statement |abel

instead of continue preceded by the labdl.

e Standard FORTRAN reads no more than 72 characters on alineand ignores
input from column 73 onward. Longer statements are broken up onto
“continuation lines.” In the printed programs in this book, some lines
contain more than 72 characters. When the break to a continuation line
is not shown explicitly, it should be inserted when you type the program
into a computer.

e Instandard FORTRAN, columns 1 through 6 on each line are used variously
for (i) statement labels, (ii) signaling a comment line, and (iii) signaling
a continuation line. We simplify the format dightly: To the left of the
“program left margin,” an integer is a statement label (not a “tame label”
as described above), an asterisk (*) indicates acontinuationline, and a“C”
indicates a comment line. Comment lines shown in thisway are generally
either USES statements (see §1.0), or el se “ commented-out program lines’
that are separately explained in each instance.

A small number of routines in this book require the use of functions that act
bitwise on integers, eg., bitwise “and” or “exclusive or”. Unfortunately, although
these functions are availablein virtually all modern FORTRAN implementations, they
are not a part of the FORTRAN-77 standard. Even more unfortunate is the fact that
there are two different naming conventions in widespread use. We use the names
iand(i,j), ior(i,j), not(i), ieor(i,j), and ishft(i,j), for and, or, not,
exclusive-or, and left-shift, respectively, as well as the subroutines ibset (i, j),
ibclr(i, j), andthelogica functionbtest (i, j) for bit-set, bit-clear, and bit-test.
Some (mainly UNIX) FORTRAN compilers use a different set of names, with the
following correspondences:

Us... Them. ..

iand(i,j) = and(i,j)

ior(i,j) = or(i,j)

not (i) = not(i)

ieor(i,j) = xor(i,j)

ishft(i,j) = 1shft(i,j)

ibset (i, ]) = bis(j,1) Note reversed arguments!
ibclr (i, j) = bic(j,1) Ditto!

btest (i, j) = bit(j,1) Ditto!

If you are one of “Them,” you can either modify the small number of programs
affected (e.g., by inserting FORTRAN statement function definitions at the beginning
of the routines), or else link to an object file into which you have compiled the
trivia functions that define “our” names in terms of “yours,” as in the above table.
Standards redlly are important!

Hexadecimal constants, for which there is no standard notation in FORTRAN
compilers, occur at three places in Chapter 7: aprogram fragment at theend of §7.1,
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and routines psdes and ran4 in §7.5. We use a notation like Z’> 3F800000, which
is consistent with the new FORTRAN-90 standard, but you may need to change this
to, e.g., x>3£800000°, >3F800000° X, or even 16#3F800000. In extremis, you can
convert the hex valuesto decimal integers; but note that most compilerswill require
anegative decimal integer as the value of a hex constant with its high-order bit set.

Asalready mentionedin §1.0, thenotationa (1 :m), in program commentsandin
thetext, denotesthearray element rangea (1), a(2), ..., a(m). Likewise, notations
likeb(2:7) orc(1:m,1:n) areto beinterpreted as denoting ranges of array indices.
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1.2 Error, Accuracy, and Stability

Althoughwe assume no prior training of thereader informal numerical analysis,
we will need to presume a common understanding of a few key concepts. We will
define these briefly in this section.

Computers store numbers not with infinite precision but rather in some ap-
proximation that can be packed into a fixed number of bits (binary digits) or bytes
(groups of 8 hits). Almost al computers allow the programmer a choice among
severa different such representations or data types. Data types can differ in the
number of bits utilized (the wordlength), but aso in the more fundamental respect
of whether the stored number is represented in fixed-point (also caled integer) or
floating-point (also called real) format.

A number in integer representation is exact. Arithmetic between numbers in
integer representationisal so exact, with the provisosthat (i) the answer isnot outside
the range of (usually, signed) integersthat can be represented, and (ii) that division
isinterpreted as producing an integer result, throwing away any integer remainder.
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Y2=0 10000000 10000000000000000000000 (a)
0 10000010 11000000000000000000000 (b)
Y4=0 01111111 10000000000000000000000 (o)

1007=0 01101001 w_1_0110101111111001010 (d)
= 10000010 00000000000000000000000! (e
3+107"=0 10000010 11000000000000000000000 (f)

Figure 1.2.1. Floating point representations of numbersin a typical 32-bit (4-byte) format. (a) The
number 1/2 (note the bias in the exponent); (b) the number 3; (c) the number 1/4; (d) the number
10~7, represented to machine accuracy; (€) the same number 10~7, but shifted so asto have the same
exponent as the number 3; with this shifting, all significanceis lost and 10~7 becomes zero; shifting to
a common exponent must occur before two numbers can be added; (f) sum of the numbers3 + 107,
which equals 3 to machine accuracy. Even though 10~7 can be represented accurately by itself, it cannot
accurately be added to a much larger number.

In floating-point representation, a number is represented internally by a sign bit
s (interpreted as plus or minus), an exact integer exponent e, and an exact positive
integer mantissa M. Taken together these represent the number

sx M x B°F (1.2.1)

where B is the base of the representation (usually B = 2, but sometimes B = 16),
and E isthe bias of the exponent, a fixed integer constant for any given machine
and representation. An example is shown in Figure 1.2.1.

Several floating-point bit patterns can represent the same number. If B = 2,
for example, a mantissa with leading (high-order) zero bits can be Ieft-shifted, i.e.,
multiplied by a power of 2, if the exponent is decreased by a compensating amount.
Bit patterns that are “as left-shifted as they can be” are termed normalized. Most
computers always produce normalized results, since these don’'t waste any bits of
the mantissa and thus alow a greater accuracy of the representation. Since the
high-order bit of a properly normalized mantissa (when B = 2) is always one, some
computers don't store this bit at al, giving one extra bit of significance.

Arithmetic among numbers in floating-point representation is not exact, even if
the operands happen to be exactly represented (i.e., have exact valuesin the form of
equation 1.2.1). For example, two floating numbers are added by first right-shifting
(dividing by two) the mantissa of the smaller (in magnitude) one, simultaneously
increasing its exponent, until the two operands have the same exponent. Low-order
(least significant) bits of the smaller operand are lost by this shifting. If the two
operands differ too greatly in magnitude, then the smaller operand is effectively
replaced by zero, since it is right-shifted to oblivion.

The smallest (in magnitude) floating-point number which, when added to the
floating-point number 1.0, produces a floating-point result different from 1.0 is
termed the machine accuracy €,,. A typica computer with B = 2 and a 32-hit
wordlength has ¢, around 3 x 1078. (A more detailed discussion of machine
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characteristics, and a program to determine them, is given in §20.1.) Roughly
speaking, the machine accuracy e,, isthefractional accuracy to which floating-point
numbers are represented, corresponding to a change of one in the least significant
bit of the mantissa. Pretty much any arithmetic operation among floating numbers
should be thought of as introducing an additional fractiona error of at least ¢,,,. This
type of error is called roundoff error.

It isimportant to understand that e, is not the smallest floating-point number
that can be represented on a machine. That number depends on how many bitsthere
are in the exponent, whilee,,, depends on how many bits there are in the mantissa.

Roundoff errors accumulate with increasing amounts of caculation. If, in the
course of obtaining a calculated value, you perform N such arithmetic operations,
you might be so lucky as to have a total roundoff error on the order of v/Ne,y,, if
the roundoff errors come in randomly up or down. (The square root comes from a
random-walk.) However, thisestimate can bevery badly off themark for two reasons:

(i) 1t very frequently happens that the regularities of your calculation, or the
peculiarities of your computer, cause the roundoff errorsto accumul ate preferentially
in one direction. In this case the total will be of order Ne¢,,.

(if) Some especially unfavorable occurrences can vastly increase the roundoff
error of single operations. Generally these can be traced to the subtraction of two
very nearly equal numbers, giving a result whose only significant bits are those
(few) low-order ones in which the operands differed. You might think that such a
“coincidental” subtraction is unlikely to occur. Not always so. Some mathematical
expressions magnify its probability of occurrence tremendously. For example, inthe
familiar formula for the solution of a quadratic equation,

b VBT
T = w (1.2.2)
a

the addition becomes delicate and roundoff-prone whenever ac < b2. (In §5.6 we
will learn how to avoid the problem in this particular case.)

Roundoff error is a characteristic of computer hardware. There is another,
different, kind of error that is a characteristic of the program or agorithm used,
independent of the hardware on which the program is executed. Many numerical
algorithms compute “discrete” approximationsto some desired “continuous’ quan-
tity. For example, an integral is evaluated numerically by computing a function
at a discrete set of points, rather than at “every” point. Or, a function may be
evaluated by summing a finite number of leading terms in its infinite series, rather
than al infinity terms. In cases like this, there is an adjustable parameter, eg., the
number of points or of terms, such that the “true” answer is obtained only when
that parameter goes to infinity. Any practical calculation is done with a finite, but
sufficiently large, choice of that parameter.

The discrepancy between the true answer and the answer obtained in a practical
calculation is called the truncation error. Truncation error would persist even on a
hypothetical, “ perfect” computer that had an infinitely accurate representation and no
roundoff error. Asagenera rulethere isnot much that a programmer can d